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ABSTRACT. By means of a Kaluza-Klein type argument we show that the Perelman's JF-functional 
is the Einstein-Hilbert action in a space with extra "phantom" dimensions. In this way, we try to 
interpret some remarks of Perelman in the introduction and at the end of the first section in his 
famous paper ]2|. 

As a consequence the Ricci flow (modified by a diffeomorphism and a time-dependent factor) is the 
evolution of the "real" part of the metric under a constrained gradient flow of the Einstein-Hilbert 
gravitational action in higher dimension. 
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1. Einstein-Hilbert Action and Perelman's ^"-Functional 

Let (M m , g) and (N n ,h) be two closed Riemannian manifolds of dimension m and n respec- 
tively and let / : M Rbea smooth function on M . On the product manifold M = M x N we 
consider a metric g of the form 

g = e~ Af g®e~ Bf h, 

where A and B are real constants. Notice that g is a conformal deformation of a warped product 
on M. We call the function / dilaton field. 

As a notation, we will use Latin indices, for the coordinates on M (we will call them the 

"real" variables) and Greek indices, a, ft,..., for the coordinates on TV (the "phantom" variables). 
Under these notations, clearly we have V i, j £ {1, . . . , m} and V a, ft G { 1, . . . , n}, 

9ia =9 la = 0, 

g ij = e Af g 11 , g a/3 = e Bf h af3 . 

Let /i, a and Jl be respectively the canonical volume measure on M , N and M . By definition of g, 
it follows that ~jl = e~ Am i B " ^ x a ^ 

The Christoffel symbols of the metric g are given by the formula 

Kb = -j9 Cd ( d a9bd + d b g ad - dig ab ) , 
where a, b, . . . can be both real and phantom variables. 
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We have the following, 

T%=\g kl (di 9j i + d j9il -d l9ij ) 

= \e Af 9 M [e~ Af (d i9j , + d j9il - d l9ij ) - Ae- A f u),J !hl + djfg a - ihfg,,) 

= r k j -^(d i f5>; + d j f6>i-g kl d l fg ij ) . 

Using the fact that the metric g is zero for a pair of "mixed" indexes and that the function / 
depends only on the real variables, we get 
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Finally, a computation analogous to the one above gives r 7 ^ = r 7 ^. 
Hence, summarizing 

F « = r y " \ + d if 5 i ~ 9 kl d l fg l] ) (1.1) 

fg=fL = Q (1.2) 
f = f Vft/fc* (1.3) 

^ = " -difFp (1.4) 

fZ^r 7 ^. (1.5) 

We want now to compute the Ricci curvature of the metric g. 
The Riemann tensor, as a (1, 3)-tensor, is defined in terms of the derivatives of the Christoffel's 
symbols as follows 

n ab d — ^a-L bd °b l ad T 1 bd 1 ap 1 ad L bp 

hence, the Ricci tensor is given by 

Rbd = d a ^td ~ <hTad + ^bd^ap ~ ^adFbp - 

Using equations dl . 1 p — l|1.5|l , and computing in normal coordinates on both M and N, we get the 
following 

r> a rt n Pfc a pa , pfc pi , pfc pa pfc pz p/3 pa 

/tji — Oil ji — Ojl kl — Ojl al +1 fci -f 1 ak — 1 yl fe ; — 1 aJ l ^ 

= Rji - ~ (2V,V - Af 9jl ) 

+— v 2 ,/ + — v 2 ,/ 

+ ^ (2d/,d/, - |V/| 2 .^) + ^ (2^4fi " |V/| 2 5j 
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that is, collecting similar terms, 

Rji 
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Bn 
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-9jl 



A/-|V/| 2 
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(1.6) 



df 3 dfi (2ABn + (to - 2)A 2 - B 2 n) . 
On the other hand, for the phantom indexes, we get 
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that is, 



R 3y = R By + *L e (.A-B)f h 



Pi 



A/ - |V/| 2 



Ai 



Br 



-A 



(1.7) 



Finally, it is easy to see that the mixed terms of the Ricci tensor of g vanish, Ri a = 0. 
From this computation we get then the formula for the scalar curvature of g, 



R = 



R 1 



3 B fR N 



A/ (Am + Bn - A) 



-^|V/| 2 (AABn - 2ABmr 



3mA z - 2A Z 



m 2 A 2 



B 2 n 



B 2 n 2 ) 



where R M and R N are respectively the scalar curvatures of (M, g) and (N, h). 
We make now the following ansatz: 

2ABn + (to - 2)A 2 - B 2 n = 

and 

Am + Bn . , . 

A = 1 A(m - 2) + Bn = 2 . 



(CI) 



(C2) 



Remark 1.1. We spend some words to motivate our choice of the constants A and £>, which we 
guess it is not very clear at this point. 

Condition (CI) is assumed in order to make vanish from the expression of R\j the term in df eg) df 
that otherwise appears in doing the flow by the gradient of the functional J~ R djl (see Section|3] 
and Remark |3J}. 

The second condition, that clearly also simplifies both R. L j and R a p, is instead more related to 
Perelman's JF-functional. In writing the functional J~ R dfi as an integral on M with respect to 
the measure fj, we will see that the only way to get the factor is to assume condition (C2). 

Lemma 1.2. If to + n > 2, we can always find two non zero constants A and B satisfying these two 
conditions. 

Proof. Notice that A = implies B = 0. If B ^ 0, dividing both sides of condition (CI) by B 2 , it 
can be expressed in the following form for 9 = A/B, 

(to - 2)6> 2 + 2n9 - n = . (CI*) 

If to 2, this second degree equation for 6 has always two solutions for every choice of the 
dimensions to, n G N, which would coincide only in the case to = n = 1, that we excluded. 
Notice also that the two solutions have opposite signs. Precisely, they are 

— n ± \J n(n + to — 2) 

v = ^ 

to - 2 



and in the special case n = 1, we have = -■ 

If to = 2 we have only one solution of equation (CI*) which is = 1/2. 
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Then, condition (C2) is equivalent to 6(m — 2) + n = 2 /B which can be fulfilled, by homogeneity, 
if 9(m — 2) + n ^ 0. If this happen, we would have 

= 9 2 {m ~ 2) + 2nd - n = n9 - n 

which would imply 9 = 1. Hence, m — 2 + n = and m = n = 1. □ 

Under assumptions (CI) and (C2), the last term of Rji in formula jl.6i cancels out and many 
coefficients becomes one. We get indeed the following "smooth" formulas for the components of 
the Ricci tensor of g, 

Rji = Rji + v,V + (a/ - |v/| 2 ) , (1.8) 

R M = R 01 + | e (A-B)/ fe/j7 (A/ - |V/| 2 ) . (1.9) 

Then, the scalar curvature of g becomes 

R = e Af R M + e Bf R N + e Af (Af(A + 2) - |V/| 2 (A + 1)) . (1.10) 

From this last formula, it follows immediately the relation between the Einstein-Hilbert action 
functional S on M and the Perelman's JT-functional, see [2J, 

HaJ)= I (R M + \vf\ 2 )e-fdu. 

Jm 

Theorem 1.3. Let (M m ,g) and (N n ,h) be two closed Riemannian manifolds of dimension m and n 
respectively, with m + n > 2 and let f : M — > R be a smooth function on M. On the product manifold 
M = M x N consider the metric g of the form 

g = e- Af g<£,e~ Bf h, 

where A and B are constants satisfying conditions dCiP and ( 1C2P . 
Then the following formula holds 

S(g)=[Rdjl = Vol(N,h)J r (g,f)+([ e^^' 1 ^ dp ] f R N da (1.11) 
Jm \Jm J Jn 

In particular, if (N, h) has zero total scalar curvature and unit volume, we get S(g) = J-(g, /). 
Proof. We simply compute 

lRdp= / / e - Am t Bn f Rdpda 
Jm Jm Jn 

= f f e-^f [e A fR M + e B fR N + e A ? (Af(A + 2) - |V/| 2 (^1 + 1))] dpda 
Jm Jn 

= 11 e-( 1+A Ve B fR N dpda 
Jm Jn 

+ 11 [R M + A/(A + 2)-|V/| 2 (A+l)]e-^ dpda 
Jm Jn 

= (j e^-^dp) J R N da 

+ Vol{N, h) j [R M + Af(A + 2) - |V/| 2 (A + 1)] e- f dp 
Jm 

= (J e^ B ~ A - l )fdp\ j R N da 

+ Vo\(N,h) f {R M + |V/| 2 )e- / dp 



where in the last passage we integrated by parts the Laplacian term. □ 
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2. The Associated Flow 
Under assumptions (CI) and (C2), we have 

R jt = Rjt + V 2 ,/ + ^ gjl (A/ - | V/| 2 ) , R ia = , (2.1) 

Rfh = %r + *e {A ~ B)f hfr (A/ - |V/| 2 ) (2.2) 

and 

R = e Af R M + e Bf R N + e Af (Af(A + 2) - \Vf\ 2 (A + 1)) . (2.3) 

Suppose we have a manifold M = M x N with a time dependent metric g(t) for t G [0, T]. 
If the initial metric is a warped product g — g © iph with ip : M — > K a smooth function, (TV, ft) 
Ricci-flat and of unit volume, we consider the motion by the gradient of the Einstein-Hilbert 
action with the constraint that the measure ip~ e Ji is fixed, where 6 comes from condition (CI*) 
and A, B are the relative constants satisfying conditions (CI) and (C2) above. 
Suppose there exists a unique solution of this flow, preserving the warped product. We can 
assume that for every t € [0, T] we have g(t) = g(t) © ip(t)h(t) with (N, h(t)) always of volume 1. 
Writing down the evolution of h we see that it moves only by multiplication by a positive factor, 
as we assumed that (N, h(t)) is of unit volume, we then conclude that the metric h{t) has to be 
constant equal to the initial h. Setting / = — -g logy which implies (p = e~ B f and ip~ = e~ Ai , 
and we can write g = e~ Af g © e~ B fh where g(t) = e Ai g(t). Clearly, also g — ip 9 g © iph. 

Denote with 5g, Sg and Sf the variations of g, g and / respectively. Then we have, 

Sg = e~ A f (Sg - AgSf) © e^' (—BhSf) . 

and the constraint, in terms of these variations becomes Sf = tr g Sg/2. Keeping in mind that 
(N, h) is Ricci-flat, we get 

S \JlRdjl= f(-2RTc + Rg\Sg)dli 

JM JM 

= [(-2rTc + Kg | e~ Af (Sg - AgSf) © er Bf (-BhSf)) djl 

JM 

= f(-2(Ric M + V 2 f)\Sg)e- Af dji 

JM 

+ [ [-A(Af |V/| 2 ) + (R M + Af(A + 2) |V./f(,4 + 1))] tr g (Sg)e- A f dj, 

JM 

+ ^(-2[ffic M + V 2 / + ^g(Af - |V/| 2 )] | -AgSf)e~ A f dji 
+ L [ RM + A/(^ + 2) - |V/| 2 (A + 1)] (-AmSf)e~ Af dji 

JM 

+ f [—B(Af — |V/| 2 )] (-BnSf)e- A f djl 

JM 

+ f [R M + Af(A + 2)- |V/| 2 (A + 1)] (-BnSf)e- A f djl 

JM 

(-2{Ric M + V 2 f)\Sg)e~ Af dji 

i 

\ f(Af - \V.f\ 2 )(ABn + 2A- B 2 n)tr g (Sg) e - A f dji 

1 JM 

(-2(Ric M + V 2 f)\Sg)e- Af djl 

1 

2 [ (Ric M + V 2 / | Sg)e- f d{x , 

JM 



-J. 

J A 



-I 

J A 
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since, by conditions (CI) and (C2), it follows ABn + 2A- B 2 n = 0. 
Hence, the system 

(5g = -2(Ric M + V 2 f) 
\5f = -Af-R M 

represents the constrained gradient of the Einstein-Hilbert action functional. The associated flow 
of the metric g = e~ A fg © e~ B fh is described by 

'd t g = -2(Ric M + V 2 /) 
d t h = 

d t f = -Af-R M , 
that is, g evolves by the "modified" Ricci flow. 

Following Perelman [2], modifying the pair (g, /) by a suitable diffeomorphism, we get a solution 
of 

jd t g = ~2Ric M 

\d t f = -Af+\Vf\ 2 -R M 

hence, up to a factor and a diffeomorphism, the spatial part of the metric g moves according to 
the Ricci flow (g is equal to the spatial part of g times the factor e A f). 



3. Other Flows 

It is interesting to see what functionals and flows one can get by varying the constants A and 

B. 

Supposing that (N, h) has unit volume and zero total scalar curvature, we computed, 



Rji + v,y 



Am + Bn 



A 



A 



;9ji 



+ -dfjdfi (2ABn + (m - 2)A 2 - B 2 n) 



R. 



Pi 



^7 + fe (A - B)/ ^ 7 



A/-|V/| 2 (^-i 



Assuming the condition Am + Bn — A = 1 we have 



R 



A 



Rjl = Rji + V,V + -gji [Af - |V/| 2 ] 

+-dfjdfi (2ABn + (m- 2) A 2 - B 2 n) 



Re. + f e (A - B)i V [Af - |V/| 2 ] 

e Af R M + e Bf R N +e Af Af 

+e Af f Am + Bn ) ( A / - | V/| 2 ) + {2ABn + (m - 2) A 2 - B 2 n) |V/| 



e A fR M + e B fR N + e A fAf 



-e A f{A + 1)(A/ - |V/| 2 ) + Y ( 2ABn + ( m - 2 )^ 2 - B2n ) l V /| 2 • 
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Hence, 



lRdp = e Am t Bn i Rdpda 

Jm Jm Jn 

= 11 e-^f [e A fR M + e B fR N + e Af A f] dp da 
Jm Jn 

+ 11 e-( 1+A ) / e A/ (A + l)(A/- \Vf\ 2 )dpda 
Jm Jn 

+ [ f e-^ +A ^^-{2ABn+{m-2)A 2 - B 2 n)\Vf\ 2 dpda 
Jm Jn 4 

= / / e-V +A Ve B tR N dp da 
Jm Jn 

dp da 



M JN 



R M + Af + -\Vf\ 2 (2ABn + (m - 2) A 2 - B 2 n) 



R M + |V./f + -\Vf\ 2 (2ABn + (m - 2)A 2 - B 2 n) 



-J 

JM 

= T{g, /) + Z m , n (A, B) [ \Vf\ 2 e~ f dp 

JM 



e 1 dp 



with Z m>n (A, B) = {2ABn + (m - 2) A 2 - B 2 n)/A. 

We want to see what are the possible values of Z m , n , we recall that we have the constraint 

A(m -2) + Bn = 2. 

We change variables as x = A and y = (B — A) so the constraint becomes (m + n — 2)x + ny = 2 
and AZ m , n (A, B) = {m + n — 2)x 2 — ny 2 . As y = [2 — x(m + n - 2)]/n we get (like before we 
assume m + n > 2), 



AZ m . n (A, B)={m + n- 2)x 2 - n 



2-x(m + n-2) 



(m + n- 2)x 2 - (4 + x 2 (m + n - 2) 2 - 4x(m + n- 2))/n 
x 2 [(m + n - 2) - (m + n - 2) 2 /n] + Ax(m + n-2)/n- 4/n 
2 (m + n- 2)(m- 2) ^ ^A(m + n-2) 4 

n ' 



= — x 



+ x- 



n n 
In the special case m = 2, we have B = 2/n and A "free", then 

Z mM B) = ^ + --2)-l = An^l =A _ 1/n 
n n 

which can take every real value as x can vary from — oo to +oo. 
If instead, m > 2 the expression 

Z m n (A, B) = _ A 2(m + n-2)(m-2) + ^m + n-2 _ 1 

An n n 

is a second degree polynomial in A G M with negative leading coefficient, so it can vary only 
between — oo and some maximum. By a straightforward computation one sees that such a maxi- 
mum is given by 1/ (to - 2), which is independent of the dimension n. 
This means that by a suitable choice of the constants A and B one has 

S(g)= f_Rdfi= f {R M + (\ + l)\Vf\ 2 )e-fdp, 

JM JM 



for every A e 



' ro-2 



. Notice that (if to > 2), with the exception of A = 1/(to — 2) one has 



always two possible choices of pairs of constants (A, B) for every value A. 
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When A ^ as 

Rj X = Rji + V%f + ^(Af - \Vf\ 2 ) 9]l + X(df ® <ff) jt , 

the associated flow is substantially different from the (modified) Ricci flow, indeed if as before 
5f = 7jtr g (5g) and (N, h) is Ricci-flat, we get 

5 [2Rdp,= [(-2RTc+Rg\Sg)dJl 
Jm Jm 

= [{-2RTc + Kg | e~ Af {Sg - AgSf) © e - Bf (-BhSf)) djl 
Jm 

= f(-2(Ric M + V 2 / + Xdf ® df) | 5g)e- Af djl 
Jm 

+ [_ [—A(Af - |V/| 2 ) + {R M + Af(A + 2) - |V/| 2 (A + 1))] tr^Je"^ djl 

JM 

+ J_(-2 [Ric M + V 2 / + ^g(Af - |V/| 2 )] | -Ag6f)e- A f dji 

+ (_ [R M + Af(A + 2) - |V/| 2 (A + 1)] (-AmSf)e- A f djl 
Jm 

+ f[-B(Af~\Wf\ 2 )] (-Bn6f)e- A f dji 
Jm 

+ [ [R M + Af(A + 2)- |V/| 2 (A + 1)] {-Bn5f)e~ A f djl 
Jm 

= -2 [ {Ric M + V 2 / + Xdf g> df | Sg)e- f dp . 
Jm 

Hence, as before, the system 

(6g = ~2{Ric M + V 2 / + Xdf ® df) 
\5f = -Af-R M -X\\7f\ 2 

represents the constrained gradient of the Einstein-Hilbert action functional and the associated 
flow is 

jd t g = -2{Ric M + V 2 / + Xdf ® df) 
\d t f = -Af-R M -X\Vf\\ 

Remark 3.1. Like in the Ricci flow, the flow d t g = —2(Ric + V 2 / + Xdf ® df) can be modified by a 
diffeomorphism to the flow dtg = —2(Ric + Xdf ® df). The extra term df ® df instead, cannot be 
"canceled" in this way as V 2 /. 

Notice that, as in Perelman's work, immediately one gets the monotonicity of the relative T— 
functional along this flow. 



d_ 

dt 



(R M + (A + l)|V/| 2 )e" / dp, = -2 / \Ric M + V 2 / + Xdf <g) df\ 2 e~ f dp . 
m Jm 



Remark 3.2. Compare the material of this section with the Ph.D Thesis of List [1J. 
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